Abstract. We give necessary and sufficient conditions for a polynomial of the form
Introduction
A polynomial over a finite field is called a permutation polynomial if it permutes the elements of the field. These polynomials first arose in work of Betti [3] , Mathieu [6] and Hermite [5] as a way to represent permutations. A general theory was developed by Hermite [5] and Dickson [4] , with many subsequent developments by Carlitz and others.
It is a challenging problem to produce permutation polynomials of 'nice' forms. Recently, Akbary, Wang and Wang [2, 9] studied binomials of the form x u + x r over F q in the case that d := gcd(q − 1, u − r) satisfies (q − 1)/d ∈ {3, 5, 7}. Their results were surprising: they gave necessary and sufficient criteria for such binomials to permute F q , in terms of the period of a (generalized) Lucas sequence in F q . Their proofs were quite complicated, using lengthy calculations involving coefficients of Chebychev polynomials, lacunary sums of binomial coefficients, determinants of circulant matrices, and various unpublished results about factorizations of Chebychev polynomials, among other things. Also, their proofs required completely different arguments in each of the cases (q − 1)/d ∈ {3, 5, 7}.
One naturally wonders whether there might be a uniform approach which works for arbitrary d, and yields the results of [9, 2] as special cases. We present such an approach in this paper, giving short and simple proofs which do not use any of the above-mentioned ingredients. Our results apply to the more general class of polynomials f (x) := x r h k (x v ) t , where h k (x) := x k−1 + x k−2 + · · ·+ 1 and r, v, k, t are positive integers. The forthcoming paper [1] uses the same methods as [2] to prove some partial results in case t = 1 and v | (q − 1). The statements of our results use the notation s := gcd(v, q − 1), d := (q − 1)/s, and e := v/s. Note that gcd(d, e) = 1. Also µ d denotes the set of d th roots of unity in F q , and p is the characteristic of F q . Our first result gives necessary and sufficient conditions for f to be a permutation polynomial: (
In case d is an odd prime, this specializes to the following: 
In the cases d = 3, 5, 7 studied in [9] and [2] , it remains to consider permutation polynomials of F d of certain forms. This is quite simple to analyze directly, and it is also a consequence of the results of Betti (1851) and Hermite (1863). The conclusion is as follows: (1) If 
for every i ∈ {1, 2, 4}.
It is straightforward to deduce the results of [9, 2, 1] from this result, by writing the generalized Lucas sequences in terms of roots of unity. However, our formulation seems to be more useful for both theoretical and practical purposes.
We can treat larger values of d as well, but at the cost of having a longer list of possibilities. For instance, with the hypotheses and notation of the above result, if d = 11 then f permutes F q if and only if either ( * ) holds or there is some ψ ∈ C such that
for every i ∈ (F * 11 ) 2 , where C is the union of the sets {mi : m ∈ {±3, ±5}}, {5m
11 }, and {4m
Preliminary lemma
We begin with a simple lemma reducing the question whether a polynomial permutes F q to the question whether a related polynomial permutes a particular subgroup of F * q . Here, for any positive integer d, let µ d denote the set of d th roots of unity in F q . 
and only if both
But the values of f (x) s on F q consist of f (0) 
Proofs
In this section we consider polynomials of the form f (x)
We begin with some easy cases with d small: r ; since g(1) = k st , the result follows.
We could treat a few more values of d by the same method as above, but this requires handling several cases already for d = 3. We will return to this question later in this section, after proving some results which simplify the analysis.
Our next result gives necessary and sufficient conditions for f to permute F q ; these conditions refine the ones we get directly from Lemma 2.1.
Proposition 3.2. f permutes F q if and only if all of the following hold:
Proof. By Lemma 2.1, f permutes F q if and only if gcd(r, s) = 1 and d+1 , but we compute
, so we conclude that gcd(d, 2r +set(k −1)) ≤ 2. The proof is complete.
Remark. The fact that k st ≡ (−1) (d+1)(r+1) (mod p) was proved by Park and Lee [7] (in case t = 1) by means of a lengthy computation of the determinants of some circulant matrices. The case t = 1 of Proposition 3.2 improves the main result of [1] ; those authors gave some necessary conditions for f to permute F q , and some sufficient conditions, and gave necessary and sufficient conditions in the special case that d is an odd prime less than 2p + 1.
When d is an odd prime, the criteria of Proposition 3.2 can be stated in terms of permutations of F d : 
Proof. Since d is odd, squaring permutes µ d , so condition (4) of Proposition 3.2 is equivalent to injectivity ofĝ(
For i ∈ Z \ dZ, let ψ(i) be the unique element of Z/dZ such that
Defining ψ(i) = 0 if i ∈ dZ, it follows that ψ induces a map from Z/dZ to itself, with the properties ψ(−i) = ψ(i) and g(ω 2i ) = ω i(2r+(k−1)vt)+ψ(i) . Conditions (4) and (5) [3] ). This proves the result for d = 5. For d = 3, condition (3) implies k ≡ ±1 (mod 3), so for ζ ∈ µ d \ µ 1 we have ζ k − ζ −k = ±(ζ − ζ −1 ); since either q or s is even, this implies (ζ k − ζ −k ) s = (ζ − ζ −1 ) s , so ( * ) holds. Suppose d = 7, and write n := 2r + (k − 1)vt; then gcd(7, n) = 1 by condition (2) . It is easy to determine the possibilities for θ, as was first done by Hermite in 1863 [5] : θ = µx 2 where µ ∈ {0, 2n, −2n}. The result follows.
The case d = 11 is treated similarly.
